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Let A B  0 with A > 0, t ∈ [0, 1] and p 1. Then we shall show
that
F(λ,μ) = A−λ  1−t+λ
(p−t)μ+λ
(
A
−t
2 BpA
−t
2
)μ
satisﬁes F(q,w) F(t, 1) F(r, s) F(r′, s′) for any s′  s  1, r′ 
r  t, 1−tp−t  w  1 and t − 1 q t. This considers a domain not
considered in Furuta’s recent result on monotonicity of F(λ,μ).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this note, A and B are positive operators on a complex Hilbert space. For convenience,
we denote A 0 (resp. A > 0) if A is a positive (resp. strictly positive) operator.
As a generalization of Furuta inequality [3,6] “If A B  0, then A1+r 
(
A
r
2 BpA
r
2
) 1+r
p+r
for p 1
and r  0," Furuta [4,6] obtained the following theorem (cf. [1,2,5,10,11,12]).
Theorem A (Grand Furuta inequality [4,6]). If A B  0 with A > 0, then for each t ∈ [0, 1] and p 1,
F(r, s) = A −r2
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is decreasing for r  t and s  1, and A1−t+r 
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
} 1−t+r
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holds for r  t and s  1.
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Very recently, as a generalization of [8, Theorem], Furuta [7] has shown the following theorem on
monotonicity of generalized Furuta-type operator functions (1.1).
TheoremB [7].Deﬁne F(λ,μ) as (1.1). Let A B  0with A > 0, t ∈ [0, 1] and p 1. Then F(λ,μ) satisﬁes
the following properties:
(i) F(r,w) F(r, 1) F(r, s) F(r, s′)
holds for any s′  s  1, r  t and 1−tp−t  w  1.
(ii) F(q, s) F(t, s) F(r, s) F(r′, s)
holds for any r′  r  t, s  1 and t − 1 q t.
In this note, we shall consider a domain not considered in Theorem B, that is, F(q,w) F(t, 1) holds
for 1−tp−t  w  1 and t − 1 q t.
2. Main result
Our method is using notion of α-power mean which is established by Kubo–Ando [9]. For A > 0
and B  0, α-power mean α for α ∈ [0, 1] is deﬁned by A α B = A 12 (A −12 BA −12 )αA 12 . By using α-power
mean, (1.1) can be rewritten as follows:
F(λ,μ) = A−λ  1−t+λ
(p−t)μ+λ
(
A
−t
2 BpA
−t
2
)μ
. (1.1′)
Theorem 1. Deﬁne F(λ,μ) as (1.1′). Let A B  0 with A > 0, t ∈ [0, 1] and p 1. Then F(λ,μ) satisﬁes
F(q,w) F(t, 1) F(r, s) F(r′, s′)
for any s′  s  1, r′  r  t, 1−tp−t  w  1 and t − 1 q t.
Proof of Theorem 1. We have only to show F(q,w) F(t, 1) since F(t, 1) F(r, s) F(r′, s′) is just
Theorem A.
By Löwner–Heinz theorem “A B  0 ensures Aα  Bα for any α ∈ [0, 1],” At−q  Bt−q since t − q ∈
[0, 1] and At  Bt since t ∈ [0, 1], so that we have
Fig. 1.
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= F(t, 1).
Hence the proof is complete. 
Remark 1. Fig. 1 expresses the domain of λ and μ in which Theorem A, Theorem B and Theorem 1
hold.
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